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The fidelity and quantum entanglement are studied for quantum teleportation of an entangled state
through a noisy channel. One may conjecture that quantum teleportation preserves the nature of
quantum correlation in the original entangled state if the channel is quantum-mechanically corre-
lated. However we find that the quantum entanglement of the original state can be lost during
the teleportation even when the channel is quantum correlated. We find the minimum degree of
quantum entanglement required for the channel to teleport quantum entanglement. It is found that
the fidelity strongly depends on the initial entanglement of the original state.
PACS number(s); 03.65.Bz, 89.70.+c
Entangled states have been at the focus of discussions
in quantum information theory. Two-body entanglement
[1] allows diverse measurement schemes which can ad-
mit tests of local realism [2,3]. In the heart of current
developments in quantum teleportation, computing, and
cryptography, quantum entanglement resides. In partic-
ular, quantum teleportation is to reproduce an unknown
quantum state at a remote place while the original state
is destroyed [4]. After sharing an entangled ancillary pair
through the quantum correlated channel, Alice performs
a Bell-state measurement on her ancillary state and the
quantum state prepared to teleport to Bob. Alice sends
classical information to Bob and he performs a unitary
transformation accordingly to reproduce the state Alice
wanted to teleport. The quantum teleportation has been
experimentally realized [5].
For the perfect quantum teleportation, a maximally
entangled state, e.g. a singlet state, is required for the
quantum channel. However, the decoherence eects due
to the environment degrade quantum entanglement in the
real world. The delity of teleportation is to measure how
close Bob’s replica is to Alice’s original unknown state.
Popescu [6] found that even when the channel is not max-
imally entangled, it has the delity better than any clas-
sical communication procedure. The noisy channel can
also be puried before teleportation by local operations
and classical communications [7{9].
Earlier studies have been conned to the teleportation
of single-body quantum states. Schumacher considered
the transmission of the quantum entanglement through
noisy quantum channels [10]. In this Letter we consider
the quantum teleportation of a two-body pure spin-1/2
state in the noisy environment. More precisely, we are
interested in "entanglement teleportation" which gives
rise to several questions. One of them is whether the
quantum teleportation can preserve the nature of quan-
tum correlation in the original quantum state when the
noisy quantum channel is employed. For the quantum
correlation not to be lost, how much should the channel
be quantum-mechanically correlated?
Extending the argument of the single-body telepor-
tation we can easily show that using the n maximally-
correlated ancillary pairs, an entangled n-body state can
be perfectly teleported. We, however, want to con-
sider the real-world situation with the noisy channel. Of
course, we can think of purifying the noisy channel before
the teleportation but that is not what we are interested
in here.
When a random bilateral rotation is applied, a general
two-body mixed state becomes a Werner state [7]. We
thus take the Werner state for the noisy channel without
loss of generality. By dening the measure of entangle-
ment for the two spin-1/2 system, we study the change of
entanglement and discuss on the minimum entanglement
for the channel required to teleport quantum entangle-
ment. This minimum entanglement is understood using
the partial teleportation and the mixed-state teleporta-
tion.
A two-body correlated state can be characterized by
several properties such as nonlocality, inseparability,
quantum-mechanical correlation, and entanglement. A
state is dened to be nonlocal if it violates the Bell-CHSH
(Clauser, Horne, Shimony, and Holt [3]) inequalities. A
state is said to be quantum-mechanically correlated or
inseparable if it cannot be written as a convex combina-





r ⊗ ρ^Br . There have been several deni-
tions for the measure of entanglement [11]. The correla-
tion characteristics are non-trivially related for a mixed
state while they coincide for a pure state. Some Werner
states, for example, are quantum-mechanically correlated
but exhibit locality [12]. Nevertheless, a mixed state
of a two spin-1/2 system exhibits rather consistent rela-
tions such that an entangled quantum state is quantum-
mechanically correlated and nonlocal by collective tests
[9,13]. Thus, in this Letter the entanglement, quantum
correlation and nonlocal are the equivalent terms.
Before considering the entanglement teleportation pro-
cedure, we dene a measure of entanglement for a mixed
state. The measure of entanglement E has to satisfy the
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following necessary conditions [11]:
1. E(ρ^) = 0 if and only if ρ^ is separable.
2. A local unitary transformation leaves E(ρ^) invari-
ant, i.e., E(U^1 ⊗ U^2ρ^U^ y1 ⊗ U^ y2 ) = E(ρ^).
3. E(ρ^) cannot increase under local general measure-
ments and classical communications.
These conditions are to dene a measure of entanglement
for a rather general system in an arbitrary dimension.
For a two spin-1/2 system, one can choose a simple def-
inition in terms of the inseparability, which still satises
the three necessary conditions above.
Consider a density matrix ρ^ for a two spin-1/2 system
and its partial transposition σ^ = ρ^T2 [14]. Then, the
density matrix ρ^ is inseparable if and only if σ^ has any
negative eigenvalues [14,15]. In fact, we can show that σ^
has at most one negative eigenvalue, λ−  −1/2 for the
two spin-1/2 system [16]. The measure of entanglement
E(ρ^) is dened to be 2jλ−j if the eigenvalue λ− of σ^ is
negative and to be zero otherwise. It is straightforward to
prove that E(ρ^) dened here satises the three conditions
above [16]. The measure of entanglement works very well
for our discussions of the spin-1/2 system.
Let us now consider the entanglement teleportation
which is schematically plotted in Fig. 1. Alice’s two spin-





I ⊗ I + ~a0  ~σ ⊗ I + I ⊗~b0  ~σ +
∑
mn
cnm0 σn ⊗ σm
)
(1)
where ~a0 and ~b0 are real vectors, cnm0 a real matrix, and
~σ = (σx, σy , σz) the Pauli spin matrix vector. Note that
we consider the initial pure state and thus ~a0, ~b0, and
cnm0 are constrained by the condition of pure states such
that ρ^20 = ρ^0.
Two independent EPR pairs are generated from E
(one pair numbered 3 and 5, the other pair 4 and 6 in
Fig. 1). When a noisy environment is considered, its
eects are attributed to the quantum channels and the
perfect EPR pair becomes to be mixed. By applying
random SU(2) operations locally to both members of a
pair a general mixed two-body state becomes a highly
symmetric Werner state which is SU(2)⊗ SU(2) invari-
ant [7,12]. We use two quantum channels to teleport a
two spin-1/2 quantum state and the random bilateral ro-
tations are performed for each quantum channel. The
density matrix w^i, i = 1, 2 for the quantum channel Qi,












The parameter i is related to the measure of entangle-
ment Ei for the Werner state w^i, i.e., Ei = max(0, i).
The density matrix ρ^c for the whole quantum channel
is the direct product of two Werner states, i.e., ρ^c =
w^1 ⊗ w^2, and the total density matrix for the quantum
channel and Alice’s entangled state is ρ^ = ρ^0 ⊗ ρ^c.
At Ai, a Bell-state measurement is performed on the
particle i from S and one of the pair, i+2, in the quantum
channel Qi. The Bell-state measurement at Ai is then
represented by a family of projectors P^αi = jΨαi ihΨαi j
with α = 1, 2, 3, 4, where jΨαi are the four possible Bell
states. The joint measurements at A1 and A2 project
the total density matrix ρ^ on to the Bell states jΨα1 i and
jΨβ2 i, respectively, with the probability Pαβ = TrP^α1 P^ β2 ρ^.
The probability Pαβ is 1/16 which is a characteristic of
the Werner state. After receiving the two-bit informa-
tion on the measurements through the classical channels
C1 and C2, the unitary transformations U^α1 and U^
β
2 are
performed on the particles 5 and 6 accordingly.
By the unitary transformations, we reproduce the orig-
inal state at B1 and B2 if the channel is maximally cor-
related. In choosing U^αi , an important parameter to de-
termine is the delity F dened by the distance between
Alice’s original pure state ρ^0 and Bob’s replica state ρ^0,
F = Trρ^0ρ^0. (3)
If ρ^0 = ρ^0 then F = 1, showing that the replica is exactly
the same as the original state and the teleportation has
been perfect.
One of the advantages to use the Werner-state chan-
nel is that under the constraint to maximize the delity
it enables us to choose the same U^αi as in the pure
EPR quantum channel. This comes from the fact that
SU(2)⊗SU(2) invariance is satised equivalently by both
the Werner state and the pure EPR singlet state.
The density matrix ρ^0 for the replica state at B1 and











where ~a0 = (21+1)~a0/3, ~b0 = (22+1)~b0/3, and c0nm =
(21 + 1)(22 + 1)cnm0 /9.
The maximum delity F for the entanglement telepor-
tation is obtained by substituting Eqs. (1) and (4) into
Eq. (3):
F = F c + F qE20 (5)
where F c = (E1 + 2)(E2 + 2)/9, F q = (4E1E2 − (E1 +
E2)− 2)/18, and E0 = E(ρ^0) is the entanglement of the
initial pure state. When Alice’s initial pure state is not
quantum-mechanically entangled, i.e. E0 = 0, the -
delity is just F c which becomes (2/3)2 for the classical
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channel. This can be compared with the result obtained
by Gisin [17]. Dierently from the single-body teleporta-
tion, where the maximum delity by the classical channel
is initial-state independent [17], we nd that the maxi-
mum fidelity by the classical channel is dependent on the
initial entanglement for the entanglement teleportation.
The parameter F q  0 and F decreases monotonously
as the initial entanglement E0 increases. It implies that
the larger entangled quantum channels are required for
the larger entangled initial state to obtain the same -
delity. The quantum correlation of the initial state is so
fragile to require the larger quantum entanglement of the
channel to teleport it.
To make our discussion simpler, we now assume that
the two independent quantum channels are equivalently
entangled, i.e., E1 = E2  Ew. This assumption can
be justied as the two quantum channels are influenced
by the same environment. Fig. 2 shows the maximum -
delity with respect to the entanglements E0 for the initial
pure state and Ew for the quantum channel. The channel
of the Werner state is classically correlated for Ew = 0
while it is maximally quantum correlated for Ew = 1.
The maximum delity is dependent on the entanglement
of the initial pure state. The maximum delity is smaller
as the initial entanglement is larger for the same chan-
nel. The lowest bound of delity is 1/3 for the maximally
correlated initial state E0 = 1 at the classical channel
Ew = 0.
We now consider how much Bob’s replica state ρ^0 is en-
tangled. Using Eq. (4) in the denition of entanglement,







(2E2w + 2Ew − 4) + (1 + 2Ew)2E0
]}
(6)
where the quantum channels are assumed to be equally
entangled with their measure of entanglement Ew. In
Fig. 3, the entanglement EB of the nal mixed state ρ^0
is plotted with respect to the entanglements E0 for the
initial pure state and Ew for quantum channel.
One may conjecture that quantum teleportation pre-
serves the nature of quantum correlation in the original
entangled state if the channel is quantum-mechanically
correlated. In Eq. (6) it is clearly seen that this con-
jecture is not true. In fact, EB is nonzero showing en-
tanglement in Bob’s replica state only when Ew > Ecw 
(3−p2E0 + 1)/(2
p
2E0 + 1). When the initial pure state
is maximally correlated with E0 = 1, the quantum chan-
nel has to have the entanglement Ew > 0.3660 to teleport
quantum correlation. The smaller the initial entangle-
ment is, the larger quantum correlation the channel is
required. It is important to note that the channel has to
be largely entangled to have the replica state quantum-
mechanically correlated. This result is independent from
the choice of entanglement measures as it is to do with
inseparability criterion in the condition 1 for the entan-
glement measure.
In order to understand the reason why there to be the
nonzero lower bound Ecw to teleport quantum correla-
tion, we consider the following partial teleportation of
the entangled state through the noisy quantum channels
of Ew 6= 1 (all the quantum channels are assumed to be
equally correlated in the following). A two-body pure en-
tangled state with the entanglement E0 is composed of
two entangled particles. We rst assume that only one
of them is teleported. For this partial teleportation, the










which is nonzero as far as E0 6= 0 and Ew 6= 0. By
the partial teleportation through the quantum correlated
channel, at least some entanglement in the initial state
can be teleported.
The total teleportation of the entanglement we con-
sider throughout this Letter, is completed by another
partial teleportation where the other unteleported par-
ticle is teleported. Extending the analysis in Eq. (7),
we can naively assume that the resultant entanglement
due to the total teleportation should be nonzero if the
channel for the second partial teleportation is also quan-
tum correlated. However, we have already discussed in
Eq. (6) that this is not true. Here, we have performed
two partial teleportations to complete the two-body tele-
portation. The dierence between the two partial tele-
portations is in the initial quantum states. In the rst
partial teleportation the initial state was pure while that
was mixed in the second partial teleportation. Even when
the initial degree of entanglement is the same, the entan-
glement of the replica state depends highly on the purity
of the initial state.
To conrm the argument, we consider the second tele-
portation somewhat dierently. After the rst partial
teleportation, instead of teleporting the other particle,
the teleported particle is teleported again. The entangle-













where αb = 2(1 − Ew)(2 + Ew) and βb = 3(−1 + 2Ew +
2E2w)(5 + 2Ew + 2E2w). Eb is nonzero when the channel
entanglement Ew > 0.3660. Note that the entanglement
(8) of the replica state in this double teleportation is
somewhat dierent from the entanglement (6) in the en-
tanglement teleportation. Although the initial state for
the second partial teleportation is again a mixed state in
the double teleportation, which particle to be teleported
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is dierent from the entanglement teleportation. How-
ever, it is again obvious that there is a lower bound for
the quantum channel to teleport quantum entanglement.
In conclusion, we considered the entanglement telepor-
tation by using Werner states as quantum channels. The
quantum correlation of the initial state reduces the -
delity except when the maximally entangled quantum
channels are used. This is due to the fact that the inter-
body coherence is so fragile. The entanglement of the
quantum channel has the lower bound of 0.3660 to nd
quantum correlation in the replica state when the initial
quantum state is maximally entangled. We nd the rea-
son in the fact that the teleportation result depends not
only on how much the initial state is entangled but also
on how pure it is.
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FIG. 1. Schematic drawing for the entanglement telepor-
tation. An unknown spin-1/2 two-body quantum entangled
state is generated by the source S and its particles are dis-
tributed separately into A1 and A2. Two independent singlet
states are generated from the EPR source E and travel in the
noisy environment. By applying random SU(2) operations lo-
cally, the quantum channels become Werner states. After a
joint measurement of A1 and A2, the results are transmitted
through the classical channels C1 and C2. The teleportation is
completed by unitarily transforming at B1 and B2 according
to the classical information.
FIG. 2. Fidelity of the entanglement teleportation with re-
spect to the entanglements E0 for the initial pure state and
Ew for the quantum channel. When the entanglement is 0,
the state is not quantum-mechanically correlated while it is
maximally correlated when the entanglement is 1.
FIG. 3. Entanglement EB of the replica state ρˆ
′ with re-
spect to the entanglements E0 for the initial pure state and
Ew for the quantum channel.
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